Recently Császár introduced the weak structures. We study the p-stacks in weak structures.
Introduction and preliminaries
In order to develop the theory of neighborhood spaces, it was necessary to introduce a new tool describing the convergence. In [1] , Kent and Min came up with the notion of p-stacks. Given a nonempty set X, a collection F of subsets of X is called a p-stack if F satisfies:
(1) A ∈ F, and A ⊂ B imply B ∈ F, (2) A 1 , A 2 ∈ F implies A 1 ∩ A 2 = ∅.
Since the collection of all p-stacks can be ordered by inclusion, any maximal p-stack is called as ultra pstack. In [2] , by using p-stacks, separation axioms, and compactness are examined on supratopological spaces where a supratopology on a nonempty set X is a collection of subsets which contains X and closed under arbitrary union.
In 1997, a method of obtaining structures on a nonempty set X which are more generalized than a topology, constructed by Császár [3] . After that in [4] a generalized topology on a nonempty set X is defined as a collection of subsets, which contains the empty set and closed under arbitrary union. Many papers are devoted to study of generalized topological spaces since then.
In [5] Császár introduced a new notion of generalized structures, called weak structure. Let X be a non-empty set and P be its power set. A collection w ⊂ P is called a weak structure if ∅ ∈ w. The elements of w are called w-open and the complements of w-open sets are called w-closed. For a weak structure w on X, c w (A) is the intersection of all w-closed sets containing the subset A of X, and i w (A) is the union of all w-open sets contained in A [5] . Theorem 1.1 [5] Let w be a weak structure on X and A, B ⊂ X. Then:
, and c w (A) ⊂ c w (B). (4) i w (X \ A) = X \ c w (A), and c w (X \ A) = X \ i w (A). Theorem 1.2 [5] Let w be a weak structure on X and A ⊂ X. Then:
, and X \ A ∈ w implies A = c w (A).
In this paper, we first introduce the convergence of p-stacks on weak structures, then define some separation axioms, and compactness of weak structures. We also characterize these separation axioms and compactness by using the convergence of p-stacks.
Main Results
Let X be a nonempty set and w be a weak structure on X. V ⊂ X is called a weak-neighborhood(wneighborhood) of x ∈ X if there is a w-open set U such that x ∈ U ⊂ V . For each x ∈ X let N w (x) = {V | V is a w-neighborhood of x }. It is clear that N w (x) is either empty or a p-stack. We will call this p-stack as weak neighborhood stack ( w-neighborhood stack) at x.
Let again X be a nonempty set, w be a weak structure on X, and F be a p-stack on X. Then F w-converges to x ∈ X if and only if N w (x) ⊂ F. Also, if N w (x) = ∅ for a point x ∈ X, then we assume that any p-stack F w-converges to this point x.
If pS(X) denotes the collection of all p-stacks on a set X, and for a point x ∈ X,ẋ denotes the collection of all supersets of x in X, we have the following theorem: Theorem 2.1 Let X be a nonempty set and w be a weak structure on X. Then:
(1)ẋ w-converges to x for all x ∈ X. (2) For F, G ∈ pS(X), if F w-converges to x and F ⊂ G, then G also w-converges to x. (3) For F, G ∈ pS(X) if both F and G w-converge to x, then the p-stack F ∩ G defined as:
Proof (1) Clear.
(2) Let F and G be p-stacks on (X, w) and F ⊂ G. If F w-converges to x, then by the definition of convergence N w (x) ⊂ F ⊂ G, and G also converges to x.
(3) Let F, and G be p-stacks on (X, w) such that both F and G w-converge to x ∈ X. It is clear that
Note that, if N w (x) = ∅, the proof of the theorem is obvious.
Definition 2.2 Let X be a nonempty set, w be a weak structure on X, and A be a subset of X. Then:
Lemma 2.3 Let X be a nonempty set, w be a weak structure on X, and A ⊂ X. Then the following hold:
Proof (1) Let x ∈ i w (A). By definition there exists a set V ∈ w with x ∈ V ⊂ A. So, A ∈ N w (x) and x ∈ I w (A). Suppose conversely, x ∈ I w (A). Then there is a set V ∈ w such that x ∈ V ⊂ A, and x ∈ i w (A).
(2) Let x ∈ c w (A). If N w (x) = ∅, then by the definition of Cl w (A), x ∈ Cl w (A). Now we suppose N w (x) = ∅ and x / ∈ Cl w (A). Then there exists a w-open set V ∈ w such that V ∩ A = ∅. That contradicts with the fact that x ∈ c w (A). On the other hand if x ∈ Cl w (A) and N w (x) = ∅ we are done. If x ∈ Cl w (A) and N w (x) = ∅ then it is clear that for any set V ∈ w, containing x, V ∩ A = ∅. So, x ∈ c w (A). Theorem 2.4 Let X be a nonempty set, w be a weak structure on X, and A ⊂ X. Then:
(1) x ∈ I w (A) if and only if for every p-stack H w-converging to x, A ∈ H. (2) x ∈ Cl w (A) if and only if there exists a p-stack H such that H w-converges to x and H ∩ A = ∅ for every H ∈ H.
Proof (1) Let x ∈ I w (A) and H be a p-stack w-converging to x. Then N w (x) ⊂ H. Since x ∈ I w (A) we conclude that A ∈ N w (x) ⊂ H. Conversely, suppose the assumption holds. If N w (x) = ∅. Then for every p-stack Since N w (x) is a p-stack w-converging to x, A ∈ N w (x), and by the definition x ∈ I w (A).
(2) Let x ∈ Cl w (A). Then A ∩ U = ∅ for all U ∈ N w (x). We set H = N w (x). Then it is clear that H w-converges to x and H ∩ A = ∅ for every H ∈ H. Now suppose there exists a p-stack H w-converging to x and H ∩ A = ∅ for every H ∈ H. Since H is a p-stack w-converging to x, N w (x) ⊂ H. So,
Corollary 2.1 Let X be a nonempty set, w be a weak structure on X, and A ⊂ X. Then:
Separation Axioms and p-Stacks
We will first define some separation axioms in weak-structures and then we will state some characterization theorems for these separation axioms.
Definition 3.1 Let X be a nonempty set and w be a weak structure on X.
(1) X is a w-T 1 structure if for any distinct points x and y in X, there exist w-open sets U and V such that x ∈ U while y / ∈ U and y ∈ V while x / ∈ V . (2) X is a w-T 2 structure if for any distinct points x and y in X, there exist disjoint w-open sets U and V such that x ∈ U and y ∈ V . (3) X is a w-regular structure if for each point x and w-closed set H with x / ∈ H there exist disjoint sets U and V such that i w (U ) = U , i w (V ) = V , and x ∈ U while H ⊂ V . (4) X is a w-compact structure if any cover of X by w-open sets has a finite subcover.
We start with a theorem which characterizes being a w-T 1 structure. Theorem 3.2 Let X be a nonempty set and w be a weak structure on X. Then the following are equivalent:
(1) X is a w-T 1 structure, (2) N w (x) = {x} for all x ∈ X, (3) Ifẋ w-converges to y ∈ X, then x = y.
Proof (1)⇒(2): Let x = y and y ∈ N w (x). Then y ∈ U for every w-neighborhood U of x. This contradicts X being a w-T 1 structure. Note that, since X is a w-T 1 structure, N w (x) = ∅ for all x ∈ X.
(2)⇒(3): Letẋ w-converge to y. Since N w (y) ⊂ẋ, then x ∈ N w (y) and by assumption x = y. Note that, since N w (x) = {x} for all x ∈ X, we do not need to consider where N w (x) = ∅.
(3)⇒(1): Let x = y be two points of X. If N w (x) is empty, then by hypothesis,ẏ converges to x and by hypothesis x = y. Now we suppose, N w (x) = ∅ and X is not a w-T 1 structure. That is, if U is w-open set which contains x, it also contains y. Then N w (x) ⊂ẏ andẏ w-converges to x, contradicting the fact that x = y.
Next we characterize being w-T 2 structure by using w-convergence of p-stacks. Theorem 3.3 Let X be a nonempty set and w be a weak structure on X. Then the following are equivalent:
(1) X is a w-T 2 structure, (2) Every w-convergent p-stack F on X w-converges to exactly one point, (3) Every w-convergent ultra p-stack F on X w-converges to exactly one point.
Proof (1)⇒(2): Let X be a w-T 2 structure and F be a p-stack converging to a point x ∈ X. For any y = x, there are disjoint w-neighborhoods U and V respectively for x and y. Since N w (x) ⊂ F and F is a p-stack, both U and X \ V are elements of F. Thus N w (y) F. So, F does not w-converge to y. Note that being a w-T 2 space implies that N w (x) = ∅ for all x ∈ X.
(2)⇒(3): Clear.
(3)⇒(1): For any point x, if N w (x) is empty, then by hypothesis,ẏ converges to x for any y = x. If F is any ultrapstack finer thanẏ, then F converges to both x and y. By hypothesis, x = y. Now we suppose, N w (x) = ∅ for every x ∈ X and X is not a w-T 2 structure. That is, there are distinct points x and y such that these points do not have disjoint w-neighborhoods. For any w-neighborhood U of x and any w-neighborhood V of y we have U ∩ V = ∅ . Let F be the ultrapstack finer than the p-stack N w (x) ∪ N w (y). Then F is finer than both N w (x) and N w (x). So the ultrapstack F w-converges to both x and y contradicting with (3) .
Let X be a nonempty set, w be a weak structure on X, and F ∈ pS(X). Since B = {c w (F ) | F ∈ F} has pairwise intersection property it is a p-stack base on
The p-stack generated by B is denoted by c w (F) and called weak closure p-stack of F. Our next theorem combines w-regularity with weak closure p-stacks.
Theorem 3.4 Let X be a nonempty set and w be a weak structure on X. Then the following are equivalent:
(1) X is a w-regular structure, (2) For every x ∈ X, N w (x) = c w (N w (x)), (3) If a p-stack F w-converges to x then c w (F) also w-converges to x.
Proof (1)⇒(2): If N w (x) = ∅ for any x ∈ X, we are done. Let N w (x) = ∅ for all x ∈ X and F ∈ N w (x) for a point x ∈ X. There exists U ∈ w such that x ∈ U ⊂ F . Since X is w-regular, and X \ U is a w-closed set which does not contain x, there exist disjoint sets V and W so that i w (V ) = V , i w (W ) = W , and x ∈ V , X \ U ⊂ W . Note also that V ⊂ U .
Suppose this is not true. There exists a point y so that y ∈ c w (V ) and y ∈ X \ U ⊂ W . Then the contradiction y ∈ c w (V ) and y ∈ W = i w (W ) occurs. So c w (V ) ⊂ U ⊂ F . Since c w (V ) ∈ c w (N w (x)) and c w (N w (x)) is a p-stack we conclude F ∈ c w (N w (x) ). On the other hand let F ∈ c w (N w (x) ). Since c w (N w (x)) is generated by B = {c w (A)) | A ∈ N w (x) } there exists a A ∈ N w (x) such that A ⊂ c w (A) ⊂ F . So, F ∈ N w (x).
(2)⇒(3): Let a p-stack F w-converge to a point x ∈ X. If N w (x) = ∅ then clearly c w (F) w-converges to x. Now suppose N w (x) = ∅. Then c w (N w (x)) = N w (x) ⊂ F. It is clear that c w (F) w-converges to x. Note that, c w (N w (x)) = N w (x) ⊂ c w (F), if not then there would be a set K ∈ c w (N w (x)) which is not in c w (F). However, K ∈ c w (N w (x)) implies that there exists a set U ∈ c w (N w (x)) with U ⊂ c w (U ) ⊂ K and then K ∈ c w (F).
(3)⇒(1): Let F be a w-closed set and x / ∈ F . Since X \ F is a w-open set containing x, X \ F ∈ N w (x). Note that N w (x) w-converges to x. Also, By (3) we have c w (N w (x) ) w-converges to x. So, X \ F ∈ c w (N w (x) ). Then by definition there exists a w-neighborhood V of x such that x ∈ V ⊂ c w (V ) ⊂ X \F . WLOG we can take V as a w-open set. Then (X \ c w (V )) ∩ V = ∅. Note also that i w (V ) = V and i w (X \ c w (V )) = X \ c w (V ). Sets V and X \ c w (V ) containing x and F respectively are the sets required by the definition of w-regularity.
A p-stack F, is said to have the finite intersection property if the finite intersections of the elements of F are nonempty. Theorem 3.5 Let X be a nonempty set and w be a weak structure on X. Then X is w-compact if and only if for every p-stack F with finite intersection property there exists a finer p-stack G than F such that G w-converges to a point x ∈ X.
Proof Assume X is w-compact and F is a p-stack with the finite-intersection property. Suppose any finer p-stack G does not w-converge to a point in X. Then for each x ∈ X there exists a w-neighborhood U x ∈ N w (x) such that U / ∈ F ⊂ G. and F x ∈ F such that U x ∩ F x = ∅. Indeed if F ⊂ H where H is the ultra p-stack generated by F and if H does not w-converge to x, there exist a w-neighborhood U x which is not in H and a H x in H so that U x ∩ H x = ∅. By using the relation between F and H, we conclude that there also exists a F x ∈ F with F x ⊂ H x and U x ∩ F x = ∅. WLOG we can let U x ∈ w. Thus we can construct a w-open cover U= {U x | x ∈ X}. Note that F x ⊂ X \ U x ∈ F for every x. Since X is w-compact there is a finite subcover {U x1 , U x2 , ..., U xn }. Finally we get n i=1 (X \ U xi ) = ∅ contradicting with the finite intersection property on F.
Conversely assume X is not w-compact and let U be a w-open cover with no finite subcover. If W is the set of all finite unions of members of U then X \ W = ∅ for all W ∈ W. Let B be the collection of all sets of the form X \ W where W ∈ W. Clearly B = {X \ W | W ∈ W} is a p-stack base. Thus we can get a p-stack F B generated by B.
Claim 1: F B has finite intersection property.
Proof of Claim 1: Let A 1 , A 2 , ..., A n be sets in F B . Then there exist W 1 , W 2 , ..., W n from W such that X \ W i ⊂ A i . If we consider the intersection:
Finally for any finer p-stack G than F B we claim that G does not w-converge to any element of X.
Claim 2: Suppose F B ⊂ G and G w-converge to x ∈ X. Then N w (x) ⊂ G.
Proof of Claim 2:
Since U is a w-open cover of X, there exists a V ∈ U such that x ∈ V ∈ N w (x) ⊂ G. However, X \ V ∈ F B ⊂ G which contradicts G being a p-stack.
